FAMILIES OF QUASIMODULAR FORMS AND JACOBI FORMS: 
THE CRANK STATISTIC FOR PARTITIONS 



ROBERT C. RHOADES 

Abstract. Families of quasimodular forms arise naturally in many situations such as curve count- 
ing on Abelian surfaces and counting ramified covers of orbifolds. In many cases the family of 
quasimodular forms naturally arises as the coefficients of a Taylor expansion of a Jacobi form. In 
this note we give examples of such expansions that arise in the study of partition statistics. 

The crank partition statistic has gathered much interest recently. For instance, Atkin and Garvan 
showed that the generating functions for the moments of the crank statistic are quasimodular forms. 
The two variable generating function for the crank partition statistic is a Jacobi form. Exploiting the 
structure inherent in the Jacobi theta function we construct explicit expressions for the functions of 
Atkin and Garvan. Furthermore, this perspective opens the door for further investigation including 
a study of the moments in arithmetic progressions. We conduct a thorough study of the crank 
statistic restricted to a residue class modulo 2. 



1. Introduction 

A well known and useful fact is that the graded ring of holomorphic modular forms for SL2(Z), 
denoted M*(SL2(Z)), is generated by the weight 4 and weight 6 Eisenstein series E±(t) and Eq(t), 
t £ H = {z £ C : Im (z) > 0}. The weight k Eisenstein series on SL^Z), for k > 2 even, is given by 

Ik «^ 

(1-1) E k (r):=l-— J2°k-i(n)q n , 

with q := e 2mT , <7fc_i(n) := Yld\nd k ~ 1 > an d B k the /cth Bernoulli number. 

On the other hand, £"2(1") is not a modular form, but a quasimodular form. Quasimodular forms 
are elements of the smallest algebra which contains the classical modular forms and which is closed 
under differentiation -J-^-r- = -■§-■ 

2ni dr q dq 

Families of quasimodular forms arise naturally throughout mathematics. The following are three 
such examples. 

(i) Dijkgraaf |13| and Kaneko and Zagier |19| proved that for each g > 1 the generating 
function for the number of genus g and degree d covers of an elliptic curve with prescribed 
ramification is a quasimodular form. The family of generating functions indexed by the 
genus g is a family of quasimodular forms. 
(ii) For a lattice L C C let T 2 = C/L. Eskin and Okounkov proved that there is a two- 
parameter family of quasimodular forms counting ramified covers of the pillowcase orbifold 
T 2 / db 1 formed by taking the quotient by the automorphism z \— > —z. The family of 
quasimodular forms is indexed by a partition \x and a partition of an even number into 
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odd parts v. The generating function for the number of degree d covers with ramification 
data determined by fi and u, Z(fi, v\ q), is a quasimodular form. 
(Hi) Andrews and Rose |4j proved there is a one parameter family of quasimodular forms arising 
from a curve counting problem on Abelian surfaces. They show that for each genus g, the 
generating function for the number of hyperplane sections which are hyperelliptic curves 
of genus g with S nodes on a generic polarized abelian surface is a quasimodular form. 

For each of these families there is a Jacobi form that may be viewed as the generating function 
for the family of quasimodular forms. Precisely, each of these families arise as the coefficients of a 
Taylor expansion of a Jacobi form. 

Jacobi forms may be understood as two variable automorphic forms satisfying an elliptic trans- 
formation and a modular transformation. Eichler and Zagier (Theorem 3.1 of [15]) have shown that 
a suitable "correction" to each Taylor coefficient with respect to the elliptic variable (see Section [2]) 
of a Jacobi form is a modular form. In Eskin and Okounkov's work |16| and in our context (see 
Section [2]) the Taylor expansion with respect to the elliptic variable yields arithmetically interesting 
generating functions. In both of these cases, the uncorrected Taylor coefficients are of interest. The 
uncorrected coefficients are, generally, quasimodular forms of mixed weight rather than modular 
forms of a fixed weight. 

In this note the crank statistic for partitions is presented as an example of tis general phenomenon. 
Our focus is to produce explicit expressions for the generating functions of the moments of these 
statistics and the moments restricted to arithmetic progressions. As a consequence we deduce 
congruences for the coefficients of the moment generating functions. Furthermore, we exploit the 
structure of the full Jacobi form to give asymptotics for the moments themselves. 



2. Moments of the Crank Paritition Statistic 

Dyson |14j conjectured the existence of a statistic, the "crank", that would provide a combinatorial 
explanation of Ramanujan's congruences for the partition function modulo 5, 7, and 11. Garvan 
|17j found the crank statistic, and together with Andrews [2], presented the following definition. 
Let o(A) denote the number of ones in A, and /i(A) denote the number of parts strictly larger than 
o(A). The crank of A is defined by 



(2.1) crank(A) := 



I largest part of A if o(A) = 

[//(A)-o(A) ifo(A)>0 



Let A4(m, n) be the number of partitions of n with crank m. The two-parameter generating function 
may be written as [21 [6] 



C(x;q) := £ M(m,n)x m q n = J] - 



n>0 



\± (1 - xq n )(l - x~ l q n ) ' 



The study of the crank, and other partition statistics, has led to a better understanding of the 
partition function. For instance, Mahlburg |21j showed that when x is specialized to be a root of 
unity, C(x; q) is, up to a power of q, a modular form. He then used the theory of modular forms to 
establish congruences for the crank statistic, resulting in infinitely many combinatorial congruences 
for the partition function. 
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Atkin and Garvan [5] studied the distribution of the crank statistic by considering its moments. 
For a nonnegative integer k, define the k-th. crank moment as 

(2.2) M fc (n) := ^ m k M(m,n). 

rneZ 

They showed that for odd k M k (n) = and for each t 6 N the generating function 

(2.3) C u {q) :=Y, M n{n)q n 

n>0 

is a quasimodular form. Atkin and Garvan construct this family of quasimodular forms recursively. 

We show that this family of generating functions naturally appears as the Taylor coefficients 
of a Jacobi form. Let x := e 2mu and q := e 2mT . Abusing notation, q~ 24 sin(7ra) _1 C(u; r) = 
q~24sm(iru)~ 1 C(x;q) is a weight \ index — ^ Jacobi form on SL2(Z) with multiplier. With Z a 
complex number let 

(2.4) C{Z-q):=Y,C k {q)-^ 

be the exponential generating functions for the crank moment generating functions. Rearranging 
the order of summation we see that 

C(Z; q) = E E M (m, n)q n £ = E E ^( m > ™)( eZ )"V = C (e z ; g) . 

n>0meZ k>0 ' n>0meZ 

Hence the Taylor expansion with respect to u of the Jacobi form C(u; r) encodes the crank moments. 

In this note, we focus on concrete instances and describe the Taylor coefficients, and hence 
moment generating functions, explicitly. Define 

R 00 

(2.5) $ fc _!(r) := g£ (1 - E k (r)) = ^k-i(n)q n . 

rt=l 

Theorem 2.1. For f > 1 « Ziawe 

= E E fc!( ^) ! (2() (^ fc )! < ' 2 ^ l(T)<|) " 2 - l(r) • • • $2 -- l(r) ' 

11,12,... ,«fc>0 

wra'i/t (o)oo := (q;q)oo and (x;q)oo := HnX)^ ~~ xq n ). Hence (q)ooC2e(q) is a mixed weight quasimod- 
ular form on SL2(Z) with highest weight 21. 

Remark. Atkin and Garvan |5f used a recurrence relation to deduce Theorem 12.11 However, the 
constants appearing in Theorem 12.11 are not given. 

3. Moments in Arithmetic Progressions 

This perspective opens the door for further exploration of the distribution of the crank. For 
example, we may investigate the crank moments in arithmetic progressions, such as 

m k M(m,n) 

m=A (mod B) 

for any nonnegative integers A and B. In this section we give some results in the case B = 2. 

The case k = and arbitrary B was considered by Mahlburg |21j . The cases for k = and 
B = 2,3,4 have been studied explicitly by a number of authors, namely Andrews and Lewis [3] 
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and Choi, Kang, and Lovejoy |12j . To understand these moments it is enough to have an explicit 
description of the twisted crank moments 

(3.1) M k (C,n) := £ ( m m k M(m,n), 

with £ a root of unity. Define the twisted crank moment generating function by 

(3.2) C k ((,q):=J2 M k((,n)q n . 

n>0 

For concreteness, we consider the case when £ = — 1 and give the following explicit description of 
these moment generating functions. 

Theorem 3.1. For k > 1 define 

(3.3) F 2k (r) := 2 2fc $ 2fe _ 1 (2r) - $ 2 fe-i(r). 
For £ > 1 we have 

C u (-l, q ) = (q) 00 (-q)l E k U2i)\ 2 ^(2i Y F2H (T)i?2t2 (T) " " " F2lk (T) - 

Hence ^ l (E^w * s a m i xe d weight quasimodular form on Tq(2) with highest weight 21. 

We give two applications of this perspective. First, since quasimodular forms are p-adic modular 
forms in the sense of Serre, for instance £2 ("7") = -^p+i( r ) (mod p), it is routine to deduce infinitely 
many congruences for the moments (for instance, see [22J). 

Corollary 3.2. For every i there exists infinitely many primes p and infinitely many non-nested 
arithmetic progressions {An + B : n £ N} such that 

M 2 e{-l,An + B) = (mod p) 

for all n 6 N. 

Second, we give precise asymptotics for the twisted crank moments M 2 ^(— l,n) as n — )• 00. 
The asymptotics of C 2 £(r) as r approaches rational numbers yields asymptotic information about 
M 2 i{— 1, n). Rather than computing the asymptotics after Taylor expanding the Jacobi form we 
compute the asymptotics then Taylor expand. This allows a unified approach toward understanding 
the asymptotics of M 2 i{— l,n) which would otherwise be out of reach. This idea was first used by 
the author with Bringmann and Mahlburg [9j to produce precise asymptotics for the moments of 
the crank and rank partition statistics. 

Define 

foA\ , us (2(a + 6 + c))!(-l) fe+c ^ 

where E 2 b is the Euler number given by Yln^n^ = cos h(:r) anc ^ ^ or ^ — ^ define the Kloosterman 



sum 



x (mod 24fc) v ' 

x 2 =-24n+l (mod 24fc) 

where the sum runs over residue classes modulo 24k. 
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Theorem 3.3. As n — > oo we have 



fc(i+(-i) fc ) 



(_l)fc+L^U 2fe , n 

M 2 ,(-l,n) = vr Yl ^ * E (2k) c a(a,b,c) 

l<k<^n/2 ' a+fe+c= 



x(24.-l)-S-U,_ 26 _ c (^EI) + 0(„-. 



where I u is the modified Bessel function of order v. 
This theorem and the fact that as y — > oo we have 

readily gives the leading order asymptotics for the twisted crank moment. 
Corollary 3.4. In the notation above, 

This should be compared with 

M 2e (n) ~ 2 3£ - 2 3^5(l - • n^W^, 

which was first obtained by Bringmann, Mahlburg, and the author in [8]. Hence, the twisted moment 
is of exponentially smaller order of magnitude. Also, we see that as n — > oo the sign of M 2 g{— l,n) 
depends on the parity of n, which suggests that this is true for all n. Andrews and Lewis [3 J proved 
this is the case for £ = 0, namely (— 1) u Mq(— 1, n) > 0. 

Section H] contains some preliminary results on the Taylor expansion of the classical Jacobi theta 
function. Section [5] uses these results to establish Theorems 12.11 l3~Tj and !3.3l The final section gives 
some discussion of the rank partition statistic, which is not covered by the method of this paper. 

4. Jacobi's Theta Function 

In this section we give two Taylor expansions of the Jacobi theta function. The first expansion is 
with respect to the elliptic variable and the second is with respect to a shift of the elliptic variable. 
Jacobi's theta function is given by 

oo 

(4.1) 0(u;t):= e^^ 2 ^ 11 = -2sm{7ru)q^ Y[(l - q n )(l - xq n )(l - x^q n ) 

where the second equality is Jacobi's triple product identity. The Dedekind eta function is 

nGZ ^ ' n=l 



Proposition 4.1. With Z = 2niu and F% as defined in (|3.3p for even £ and otherwise we have 

( 

•&(u;t) = — 2 sin(iru)r] 3 (t) exp 



2 E %r*t-i<T) 



\ 



I even 
l>0 
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and 



v u + - r = — 2 cos(7rn) — i—— exp 
2 / r?(r) 



■2 £ fr*>M 



£ e»en 



Proof. We have 



n>lr>l £ even/>0 n,r>l 

= - 2 E f^-iW 

£ even,£>0 

Note that 0(§;t) = -2g& Ein>i( 1 ~ ^X 1 + ^") 2 = ~ 2! §7r • The second result follows from a 
similar calculation to the previous one and 



EEt-xyv^y^E E ^-EE^ 

n>lr>l n>l r>l,r even n>lr>l 

-2* r e ~V nr - E t^ 1 (T = 2«^ 1 (2t)-*i_ 1 (t). 



n,r>l n,r>l 

□ 

5. The Crank Statistic 

In this section we will give proves of the main theorems of this paper. By the definition of C(u; r) 
and the triple product formula 

(5.1) C(u;r) = - 2s[n ^ )q ^ 2{T \ 

The following lemma is useful. 

len 



Lemma 5.1. As formal power series, let ^2 r>0 —c r = exp I ^£>o 7T a ^ ) ^ 



0<s<r ii H his=r 

Proof of Theorem \2.1\ Applying Proposition 14. II and Lemma [5.1 1 to (15. lj) yields the result. □ 
Proof of Theorem 13.11 We have the following Taylor expansion 

l>0 ' n>l m 

Note that by symmetry ^ m (— l) m m^M(m, n) is zero unless £ is even. Applying Proposition 14.11 
and Lemma [5 -1| we readily deduce the explicit formula for the twisted moment generating function. 

By 3.3.8 of |16] the algebra of quasimodular forms on To (2) is generated by E^r), E2(2r), and 
E^(2t). Thus {q)^{— q)^C2t{— 1, q) is a quasimodular form on To(2). □ 
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5.1. Crank Asymptotics. In this subsection we use the method from [9] to prove Theorem [3] 
We have 

2 cos(7ru)e i2 77 (r) 

C(2mu + vrz; q) = V } 1 y ' . 

d(u + 5 ;r) 

To state the modular transformation properties of the twisted crank generating functions we denote 
the inverse of a modulo b by [a]&. When 2 | b we may assume [a]b = [a] 2b- We do this implicitly in 
what follows. 

Proposition 5.2. For 2 | k we have 

C U (-l,e¥(^)) =ih^ h -^ X ~\h,[-h]^k) ■ (-l)l(-l)^ ±1 ^ k e ^ d 4 t ^ 

xes(H £ A; c a(a,6, C )z-^- 2fe - c + 0(z-^ 2 Vt Re (l)) 

a+b+c=l 

for some a > independent of k. Furthermore, for 2 \ k we have 

Lemma 5.3. For appropriate a and b and £ € N we have 

#(a + lb; b) = {-l) e e- nie2b - 2niea $(a; b). 

Proof. The proof follows from induction on 7?(a + b; b) = —e~ mb ~ 2ma $(a; b). □ 

Proof of Proposition [5J?1 Using the modular transformations for the Dedekind 77-function and the 
Jacobi 7?-function, namely 

(5.2) n {^{h + iz)\ =^ z X(h, [-h] k , k) V Q ([-h] k + - 

(5.3) d(u;±(h + iz) \ =^ z xHhA-h] k ,k)e-^^(j-,^[[-h}, + - 



where 



X (h,[-h] k ,k) =i-luT\e-^-^-V 



J h,k^- 

and [— h] k is the multiplicative inverse of —h modulo k and i^hk := exp(7ris(/i, k)). Here, s(h,k) is 
the usual Dedekind sum. See [20j and [9 J and the references therein for more on these transformation 
formulae. Hence 
(5-4) 

C(2mu + m; e ¥(fc*»>) = 2co S H X - 1 (fe, fc) ^ ^| ± ^ e ~^ Ze^^\ 

Set r = r ([ — + f ) an d write 

i(«+l/2) \ J in [-h] k , fc 
z ;r J = H~"^ + 2 T;r 

In the case 2 | fc set £ = | . Applying Lemma 15.31 we have 
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To calculate the asymptotic we use the triple product identity and abuse notation by setting q 
e 2niT and x = e^"™^. Then we have 

iu [-h] k x " 



*(t-™->t) = /■ \ f ,M lid - ^ - vfr'o- - -"V)- 1 

\ > / 2 sin ( VWK _ 



7r[— 

2 I n>l 



8 ^ U T 

x h > a r (z) — 

— cosn(— J r > 



with a r (z) <C |z| r e « Ml) and (7) is the Kronecker symbol. 
Combining this with (|5.4p we have 



C (2™ + vu; e ¥(^+-)) = - e -S([-A]*+i)^l e ^r(A-H*) e ^([-ft]*+i) x -l( fej fc) 

V / , — n ^' 



- if e i(M-%) x -i( hi [-7»] fc , ^(-ljtr 1 ( ^ ) e-? fc H^-* el fc(i-*) 

COS(7Tlt)e * / 
X \ ,. < - < 



cosh ^ ^ r! 



where we have used the fact that —h = [— h]f. (mod 4) with a r (z) <C z 2 r e fc Re ( z ) for some 
a > 0. For later reference, using 1 — h[— h]k = (mod 2), we note that 

(5.5) (-l)^- 1 — e — r fc [- A I* = (-1) a e 2 ™ J . 



n 4 , 

Taylor expanding those functions depending on u, namely, 

\- {^iu) 2a 1 _^ (2^n) 2fe (-l) t 

^ (2a)!2 2a cosh(^) ^ 26 z 26 (26)!2 2b 



cos ( iru ) 



where Ei\, is the Euler number, we have 

\2l 



cos(7ru) wku 2 -r-^ (2niu) M v-^ , . . , . _ 9h _ r 

-r- L re~^~ = > . „. , > k c a(a,b,c)z Zb c . 

^sh(^) j-i (20! ^ 



^>0 v ' a+fe+c= 



Thus, we finish the proof in the case 2 | fe. 

In the case when 2 { k we write = 2^ + 1 with t > 0. Then 



1? 



+ A ; ^ = ^y^^+i^iruc-f-t^^ fiu_ hh]k + r \ 
V z 2^ y V z 2 2 y 



2vr i(»i_Iz%L N ) „ . 

Again, with x = e V z 2 1 and g = e , 

1 „ 00 



(\ — 1 2 _ 

7 + £;rj =(-i) m ^ + ^ n(i - ^)" 1 (i - x^-^-^i - *-y-*)- 



-1 n-±\-l 

l — q j y± — xq * ) {L — x 

n=l 

Combining this with (|5.4p and Taylor expanding in u, as above, we obtain the result. □ 
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We follow [9] closely and give the following general result which yields the proof of Theorem [3] 
Assume that 

n 

is a holomorphic function of z satisfying 

.3 *L(h-\-h\,\ -1/, r , 1 ,\ / . , k+l-h[-h] k „ . -h-%[-h] k 



T P?™ 4- 



7T / 1 



a+6+c 

and for 2 | 

2tti 



^ (rfc) c a(a, 6, c^- 2 ^ + 



(5.6) F r/ (e^ h+ ^) « £7 rAfc (s) 

with E r ^{z) -Cr,^ z _ 5 _2 ^e~ fe Re (~) for some /3 > with a(a,6, c) defined as in (13.4 
Theorem 5.4. Wii/i -F ri £ and c r ^ as above we have 



■l) k+ ^A 2k (n 



c r/ (n) =vr ^ £ '- (2kr) c a(a,b,c) 

l<k<^n/2 " a+b+c=l 

x(24n-irf-i Va _ c (^|H) + 0(„^ 

where Ak(n) is the Kloosterman sum defined in (|3 . 5j) and e > 0. 

The proof is nearly identical to that of Theorem 4.1 of [9], so we do not include it here. One 
slight difference is that we must appeal to 
(5.7) 



2c+i-h[-h] 2c (— h — c[— h]2 C nh\ 

I 



wa,2c(-1) 2 e 

/i (mod 2c) 

where 

Equation (|5.7p follows from 

/ , / c(l + (— l) c )\ v-^ / , , 2c+i+ad ( a — 3dc nd\ 

(-l)MA 2c In- | = £ ^(-i)-^ f __ + - , 

V 7 d (mod 2c) V 7 

where a<i = 1 (mod 2c) which can be found in |10j . 

6. The Rank Statistic 

A second partition statistic is the rank statistic of Dyson |14| . The rank statistic is of great 
interest, but is not covered by the results presented here. Zwegers [25j proved that the two variable 
generating function, R(x;q), for the rank is a mock Jacobi form. For example, the mock theta 
function f{q) = R{—l;q) was introduced by Ramanujan in his final letter to Hardy. This function 
and the other mock theta functions have a long history (see Zagier's Bourbaki lecture |24|). Recently 
the work of Zwegers was used by Bringmann and Ono [101 ITT] to provide a thorough study of this 
function. 
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The Taylor coefficients with respect to the x variable of R(x; q) are not quasimodular forms, 
but instead are quasimock modular forms [7j. As a result, the automorphic properties of the rank 
moment generating functions are more complicated than those for the crank. An extensive study, 
relying on the so-called "Rank-Crank PDE" of Atkin and Garvan [5], was completed by Bringmann, 
Garvan and Mahlburg |7J. However, the perspective of Taylor coefficients of Jacobi forms simplifies 
some elements of that study and makes further study accessible. For instance, it would be of interest 
to understand these forms explicitly. 

The Fourier coefficients of f(q) = R( — l;q) should be compared with the the twisted crank 
discussed in this note. The perspective of Taylor coefficients makes a full comparison of the twisted 
crank and rank moments, along the lines of that given in j9] possible. It would be of additional 
interest to have a combinatorial or g-series understanding of these twisted moments, similar to that 
given by Andrews [1] and Garvan [18], for the rank and crank moments. 
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